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The complete symmetry group of an 1 + 1 evolution equation of maximal symmetry
has been demonstrated to be represented by the six-dimensional Lie algebra of point
symmetries sl(2, R) ⊕s W , where W is the three-dimensional Heisenberg–Weyl algebra.
We construct a complete symmetry group of a 1+ 2 evolution equation ut = (F (u)ux)y for
some functions F using the point symmetries admitted by the equation. The 1+2 equation
is not completely speciﬁable by point symmetries alone for some speciﬁc functions F .
We make use of Ansätze already reported by Myeni and Leach [S.M. Myeni, P.G.L. Leach,
Nonlocal symmetries and complete symmetry groups of evolution equations, J. Nonlinear
Math. Phys. 13 (2006) 377–392] which provide a route to the determination of the
required generic nonlocal symmetries necessary to supplement the point symmetries for
the complete speciﬁcation of these 1 + 2 evolution equations. Further we ﬁnd that taking
some suitable linear combination of Lie point symmetries helps to optimise the procedure
of specifying the equation. A general result concerning the number of symmetries required
to form a complete symmetry group of evolution is presented in the Conclusion.
© 2009 Elsevier Inc. All rights reserved.
1. Introduction
The term ‘complete symmetry group’ has its history. In an earlier period, the last quarter of the twentieth century, when
some studies of symmetries were ﬁrst reported, this term was used to describe a group of point symmetries admitted by
a given equation (equally a system). This group, as we know it today, is simply correctly called a symmetry group of a
given equation (equally a system) and usage of the term complete symmetry group is as was introduced by Krause [7,8]
into ordinary differential equations to describe the group which in its algebraic representation completely speciﬁed the
differential equation under consideration. Until recently the determination of complete symmetry groups has been conﬁned
to systems of ordinary differential equations. In a study of the complete symmetry group of the 1 + 1 heat equation and
some related equations which arise in Financial Mathematics we [13] showed that the number of Lie point symmetries
required to specify the 1 + 1 heat equation is six. The classical heat equation, as a linear partial differential equation,
possesses an inﬁnite number of Lie point symmetries. In this paper we extend the considerations of this concept beyond
just 1+ 1 evolution equations. We look at the equation
ut =
(
F (u)ux
)
y, (1.1)
which is an important equation in theory and applications. For example, if F = 1, we have the elemental two-dimensional
hyperbolic evolution equation and with F = u−1 one achieves a model of two-dimensional Ricci ﬂow which has important
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to symmetry analysis particularly when F = 1 for which it admits many Lie point symmetries. In this paper we attempt
to construct a complete symmetry group for two types of function F . In the one case, for which the function F = u−1,
the equation is not completely speciﬁable using point symmetries only. In this case one has to look for nonlocal symme-
tries to remove the deﬁcit. One of the nonlocal symmetries found happens to be admitted by a general equation (1.1), in
which case it is generic to (1.1). It must noted that the importance of this exercise is seen when one is not entirely sat-
isﬁed with the point symmetries reportedly admitted by a particular equation. Performance of this construction deﬁnitely
removes the not-so-useful symmetries and those symmetries specifying the equation can be used to perform further anal-
ysis of a given equation. This has been the case in [15] when dealing with a reﬂection symmetry in the equation treated
there.
In the next section we construct the complete symmetry group of (1.1) starting from its equivalent form
ut = Fuuyux + F (u)uxy . (1.2)
The differential operator which leaves (1.2) invariant has the form
 = ξ(x, t)∂x+ ζ(y, t)∂ y + τ (t)∂t + η(x, y, t,u)∂u (1.3)
with relevant second extension given by
[2] =  + ηx∂ux + ηy∂uy + ηt∂ut + ηxy∂uxy, (1.4)
and upon taking into account the considerations of [3,4,17] regarding the arguments of the coeﬃcients of (1.3). The coeﬃ-
cients of the partial differential operators are given by
ηx = ∂η
∂x
+
[
∂η
∂u
− ∂ξ
∂x
]
ux,
ηy = ∂η
∂ y
+
[
∂η
∂u
− ∂ζ
∂ y
]
uy,
ηt = ∂η
∂t
+
[
∂η
∂u
− ∂τ
∂t
]
Fuuxuy +
[
∂η
∂u
− ∂τ
∂t
]
Fuxy − ∂ξ
∂t
ux − ∂ζ
∂t
uy,
ηxy = ∂
2η
∂x∂ y
+ ∂
2η
∂x∂u
uy + ∂
2η
∂ y∂u
ux + ∂
2η
∂u2
uxuy +
[
∂η
∂u
− ∂ξ
∂x
− ∂ζ
∂ y
]
uxy . (1.5)
The coeﬃcients of the second extension of  above are used extensively in the calculation of point symmetries and the
construction of a complete symmetry group of (1.2).
2. The elemental hyperbolic evolution equation
In this section we construct the complete symmetry group of (1.1) using its equivalent form (1.2). In the speciﬁc case,
F = 1, in (1.2) we immediately obtain the two-dimensional hyperbolic evolution equation in two dimensions, videlicet equa-
tion
ut = uxy . (2.1)
Eq. (2.1) has the equivalent hyperbolic form
ut = uxx − uyy . (2.2)
Eq. (2.1) admits a goodly number of Lie point symmetries1
Λ1 = ∂t, Λ6 = u∂u,
Λ2 = ∂ y, Λ7 = t∂x− yu∂u,
Λ3 = ∂x, Λ8 = t∂ y − xu∂u,
Λ4 = t∂t + y∂ y, Λ9 = t2∂t + xt∂x+ yt∂ y − (xy + t)u∂u,
Λ5 = t∂t + x∂x, Λ10 = H(x, y, t)∂u, (2.3)
1 The calculation of point symmetries has been made trivially possible by one of the classic codes described in [6,19].
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of symmetry in terms of provenance2 The class containing the inﬁnite number of Lie point symmetries comprises solutions
of the equation. This is a feature of linear equations, be they ordinary3 or partial. Given that the order of an ordinary
differential equation is usually not high this feature is perhaps of no great interest for it. However, in the case of partial
differential equations the existence of an inﬁnite number of solution symmetries is important, particularly if the partial
differential equation under study happens to be nonlinear. The possession implies that there is a route to linearisation. The
one-dimensional abelian subalgebra is a consequence of the homogeneity of the equation. The eight remaining symmetries
are critical for the successful group theoretical analysis of the equation. These nongeneric symmetries are determined by the
particular structure of the equation and are the maximal number which an equation of this type can possess. The nonzero
Lie Brackets are given by
[Λ1,Λ4]LB = −Λ1, [Λ2,Λ4]LB = −Λ2,
[Λ1,Λ5]LB = −Λ1, [Λ2,Λ7]LB = −Λ6,
[Λ1,Λ7]LB = −Λ3, [Λ2,Λ9]LB = −Λ8,
[Λ1,Λ8]LB = −Λ2, [Λ3,Λ5]LB = −Λ3,
[Λ3,Λ8]LB = −Λ6, [Λ3,Λ9]LB = −Λ7,
[Λ1,Λ9]LB = Λ4 + Λ5 − Λ6,
with all other brackets being zero. We use the above point symmetries to specify (2.1) from a general equation of the form
uxy = f (x, y, t,u,ux,uy,ut). (2.4)
For Eq. (2.4) to be invariant under the action of Λ1,Λ2 and Λ3 it must be of the form
uxy = f (u,ux,uy,ut). (2.5)
It is eﬃcacious to observe the commutative relations above and particularly to note that the application of Λ9 is eﬃcient
at this point with its second extension (for the terms present in (2.4)) given by
Λ
[2]
9 = t2 + xt∂x+ yt∂ y − (yx+ t)u∂u −
[
yu + (xy + 2t)ux
]
∂ux −
[
xu + (xy + 2t)uy
]
∂uy
− [u + (xy + 3t)uxy + xux + yuy]∂ut − [u + yuy + xux + (xy + 3t)uxy]∂uxy .
Its application to (2.5) produces
u + yuy + xux + (xy + 3t)uxy = (yx+ t)u ∂ f
∂u
+ [yu + (xy + 2t)ux] ∂ f
∂ux
+ [xu + (xy + 2t)uy] ∂ f
∂uy
+ [u + (xy + 3t)uxy + xux + yuy] ∂ f
∂ut
. (2.6)
Upon taking Eq. (2.5) into account we observe that x, y and t are no more the arguments of f and consequently one can
extract coeﬃcients accordingly to obtain the system of partial differential equations:
x: ux = ux ∂ f
∂ut
+ u ∂ f
∂uy
,
y: uy = uy ∂ f
∂ut
+ u ∂ f
∂ux
,
2 If we wished to emphasise the internal algebraic structure of the symmetries listed in (2.3), a better arrangement would be
Σ1 = ∂x, Σ2 = ∂y ,
Σ3 = t∂y − xu∂u , σ4 = t∂x − yu∂u ,
Σ5 = x∂x − y∂y , Σ6 = ∂t ,
Σ7 = 2t∂t + x∂x + y∂y − u∂, Σ8 = t2 + t(x∂x + y∂y) − (xy + t)u∂u ,
Σ9 = u∂u , Σ10 = H(t, x, y)∂u .
The ﬁrst eight symmetries correspond to the eight Noether point symmetries of the Lagrangian 12 (x˙
2 − y˙2). The two remaining symmetries are generic for
linear homogeneous partial differential equations.
3 In the instance of linear ordinary differential equations the number of solutions symmetries is equal to the order of the equation.
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∂u
+ 2ux ∂ f
∂ux
+ 2uy ∂ f
∂uy
+ 3uxy ∂ f
∂ut
,
xy: uxy = u ∂ f
∂u
+ ux ∂ f
∂ux
+ uy ∂ f
∂uy
+ uxy ∂ f
∂ut
,
−: u = u ∂ f
∂ut
.
The solution of the above system of partial differential equations is trivial and produces
f = ut (2.7)
eventually and consequently (2.1). In the spirit of the closure property introduced in accordance with Krause’s deﬁnition
[7,8] and [1,2,9,10] of a complete symmetry group we have to include all the ‘unused’ point symmetries of (2.1) in the
representation of complete symmetry group. Consequently we write
〈Λi, i = 1,9〉csg. (2.8)
3. The model of two-dimensional Ricci ﬂow
One of the more useful models in the exploration of black holes and the endeavours to acquire a quantum theory of
gravity is connected with the model of the so-called Ricci ﬂow [4]. The model is given by (1.1) with F = u−1, namely
u2ut + uyux − uuxy = 0. (3.1)
Eq. (3.1) is reported [4] to admit the symmetries
Γ1 = ∂t, Γ4 = t∂t + u∂u,
Γ2 = ∂x, Γ5 = x∂x− u∂u,
Γ3 = ∂ y, Γ6 = y∂ y − u∂u (3.2)
upon taking the considerations of [4] that ξ = ξ(x), ζ = ζ(y), τ = τ (t) and, ﬁnally, η = u[τ − ξ − ζ ]. We note that contrary
to the hyperbolic evolution equation discussed in the previous section, Eq. (3.1) admits a ﬁnite number of symmetries
characterised by the presence of
A3,1 = 〈∂t, ∂x, ∂ y〉. (3.3)
Further we observe that the solution symmetry and the homogeneity symmetry are lacking. As is often said, experience is
the best teacher and we noted at the outset that with this number of Lie point symmetries it is not possible to specify
equation (3.1) completely using point symmetries only. The trouble though is a suitable stage in the construction for which
to seek and apply a nonlocal symmetry. The nonlocal symmetries required are sought using a well-accepted algorithm
described in [15]. An exposition on ﬁnding a complete symmetry group of a differential equation is found in [13] and has
been described in the previous Section. In this Section we merely report some of the interesting outcomes realised while
specifying equation (3.1).
The application of the A3,1 realisation to the general second-order evolution equation, (2.4), reduces it to just
uxy = f (u,ux,uy,ut). (3.4)
The application of Γ4 reduces (3.4) to
uxy = uh(ux,uy,ut). (3.5)
At this point it is desirable to have a function h taking the form
h = ut + g(ux,uy). (3.6)
This is desirable since application of the symmetry involving t∂t produces a coeﬃcient of ηt in (1.5) which is the same as
the function one is trying to specify. To avoid complication one must separate anything involving ut . We revisit this point
below. In fact what we require is simply termed the implicit complete symmetry group [14]. Unfortunately there are no point
symmetries admitted by (3.1) which allow this implicitness and we have to look for a nonlocal symmetry. The required
coeﬃcients of the nonlocal symmetry for the general equation (1.1) separating ut from h in (3.5) are found by the Choice
algorithm [15] and are given by
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∫ (
F (u)uuyux + F (u)uxy
)
dt +
∫
uxuy
uxy(uy + ux) dy +
∫
uxuy
uxy(uy + ux) dx− t,
ξ(·) =
∫
uy
uyx(uy + ux) dx,
ζ(·) =
∫
ux
uyx(uy + ux) dy,
τ (t) = t, (3.7)
for which we have taken into account the considerations that
• η is free of u and ∂2η
∂x∂ y = 0,
• ξ is free of u, y and t ,
• ζ is free of u, x and t , and
• τ is free of u, y and x and chose τ = t.
These considerations are on a par with those in [4]. The nonlocal symmetry is given by
Γ9 = t∂t + ξ(·)∂x+ ζ∂ y + η(·)∂u (3.8)
with τ , ζ, τ and ξ given by (3.7).
To simplify matters at this stage we make use of this useful property. The application of, say, Γ7 = Γ5 − Γ6 produces
uxy = uut + g(uxuy)
u
. (3.9)
The application of, say, Γ8 = Γ4 + Γ6 yields
uxy = uut + uxuy
u
+ α, (3.10)
where α is a constant of integration onto which we must impose value zero to achieve (3.1). We explored all other possible
combinations of point symmetries in (3.2), but none of them seem to take us any further in the speciﬁcation of a constant
in (3.10). Hence we come to the nonlocal world for rescue to ﬁnd a nonlocal symmetry needed to specify a constant of
integration. The required nonlocal symmetry4 exists and is found in [15] and its coeﬃcients are given by
τ (·) = 2
[∫ (
uxuxy
utx − utuxy
)
dx−
∫ (
uxuxy
utx − utuxy
)
dt
]
+ t,
ξ(·) = 2
∫ (
uxuxy
utx − utuxy
)
dx+
∫ (
ut
ux
(
1+ 2 uxuxy
utx − utuxy
))
dt + t. (3.11)
The second nonlocal symmetry is given by
Γ10 = τ∂t + ξ∂x (3.12)
with τ and ξ given by (3.11). Consequently Eq. (3.1) has been completely speciﬁed and its complete symmetry group is
given by
〈Γi, i = 1,10〉csg (3.13)
with Γ9 and Γ10 being nonlocal symmetries of (3.1). An important observation of the behaviour of a complete symmetry
group of (3.1) is that one had to resort to linear combination of point symmetries in (3.2) due to the complexity of applying
point symmetries as they stand. This behaviour seems to be a feature of all equations of the form (1.1) for
F = un, n = 0,−1, (3.14)
i.e.
ut = nun−1uxuy + unuxy . (3.15)
Eq. (3.15), of which (3.1) and (2.1) are special cases when n = −1,0, respectively, admits the following symmetries according
to Program LIE [6],
4 The nonlocal symmetries found by the choice algorithm are not unique. All they do is specify a particular structure of the equation. Hence they are
said to be generic to a particular class of equations.
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Σ2 = ∂x, Σ5 = x∂x+ t∂t,
Σ3 = ∂ y, Σ6 = y∂ y + t∂t. (3.16)
One can take further linear combinations of Σ4,Σ5 and Σ6, not to mention others, to obtain different representation of the
point symmetries as
Σ7 = nx∂x− u∂u,
Σ8 = ny∂ y − u∂u,
Σ9 = x∂x− y∂ y. (3.17)
The complete speciﬁcation of (3.15) is performed in a manner similar to the model of two-dimensional Ricci ﬂow above.
We examine the coeﬃcient ηt of (1.5) in the above point symmetries. For the fourth symmetry we obtain
ηt = −(1+ n)
[
nun−1uyux + unuxy
]
. (3.18)
For the ﬁfth and sixth symmetries the coeﬃcient ηt of (1.5) is given by
ηt = −
[
nun−1uyux + unuxy
]
. (3.19)
Note that we have a term uxy as a coeﬃcient of ∂ut . This justiﬁes the use of a nonlocal symmetry to separate ut from the
function h in (3.5) immediately after the application of the A3,1 realisation. This simpliﬁes matters as the determination of
characteristics involves the evaluation of an integral of the form∫
φ(·)uxy dρ, (3.20)
where uxy is a function of ρ and φ and other terms of the arguments of the various ways uxy appears in the operator in
which case the evaluation of (3.20) may not be possible.
4. Conclusion
We have seen that for the heat conduction equation its complete speciﬁcation was achieved using even a lesser number
of point symmetries than admitted by the equation. However, when the number of point symmetries is insuﬃcient, one
seems to run into trouble very quickly. This is because between the application of point symmetries one has to apply
nonlocal symmetries. With lack of experience, if anything else, one would not know where to include a nonlocal symmetry.
Just to provide a guideline, if the construction of an equation gets really ugly, then it may be an indication that a nonlocal
symmetry is required at that step.
Considering the observations in [13–15] and what transpired in the sections above we are now ready to generalise the
conjecture in [14].
Conjecture. The number of symmetries required to form a complete symmetry group of minimal dimension, be they point, nonlocal
or other, for any 1 + n evolution partial differential equation is equal to the number of arguments in the general evolution partial
differential equation, videlicet
F
(
x,u, ∂u, ∂
2
u , . . . , ∂
k
u
)= 0, (4.1)
where x = (x, x2, . . . , xn) denotes the coordinates corresponding to its n independent variables, u denotes the dependent variable
and ∂ ju , j = 2,k, corresponds to all partial derivatives of u with respect to x and ∂u corresponds to the evolution derivative.
In terms of the coordinates, x,u, ∂u, ∂2u , . . . , ∂
k
u the partial differential equation, (4.1), is an algebraic equation that de-
ﬁnes an hypersurface in (x,u, ∂u, ∂2u , . . . , ∂
k
u)-space. Our conjecture is supported by a theorem found in Manno et al. [11]
which is based in the investigation of Lie-remarkable equations. Here is not the place to digress into the whole ﬁeld of Lie
remarkability. The interested reader is referred to [11,12] and references cited therein for an exposé from the masters of
the concept. It suﬃces to remark that an equation is termed Lie remarkable if it is determined uniquely by its Lie point
symmetries. This is the essential difference with Krause’s concept of a complete symmetry group in which the nature of the
symmetry is immaterial just as long as it helps to specify the equation. Lie remarkability has an air of elegance whereas
the philosophy behind the theory of complete symmetry groups is completely utilitarian. Within the constraint that the
Lie symmetries be point Manno et al. [11] proved the correctness of our conjecture above. This is suﬃcient to urge one to
elevate the Conjecture to a Theorem, but one must wait until there is a more precisely constructed theory of Lie symmetries
without the point.
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with differential equations which have the correct number of symmetries required for their speciﬁcation, but the algebra
of the symmetries is unsatisfactory. A very simple example can be seen in the Ermakov–Pinney equation [5,18] which has
the algebra of Lie point symmetries, sl(2, R). A representation of its complete symmetry group required the introduction of
nonlocal symmetries [16].
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